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Abstract

The analysis of incommensurate structures is compu-
tationally more difficult than that of normal ones.
This is mainly a result of the structure-factor expres-
sion, which involves numerical integrations or
infinite series of Bessel functions. Both approaches
have been implemented in existing computer pro-
grams. Compact analytical expressions are known
for special cases only. Recently, a new theory of
generalized Bessel functions has been developed. The
number of theoretical results and applications is
increasing rapidly. Numerical properties and
algorithms are being studied. A possible application
of the generalized Bessel functions for incommen-
surate structure analysis is proposed. These functions
can be used to derive analytical expressions for
structure factors and all partial derivatives for a wide
class of incommensurate crystals. The existing pro-
grams can be improved by taking into account some
interesting numerical and analytical properties of
these new functions, like recurrence relations, ana-
lytical expressions for derivatives, generating func-
tions and integral representations. A new class of
special functions, suitable for dealing with incom-
mensurate structures in a more analvtical way, is
emerging.

1. Introduction

We must notice, in that direction, that it is important
Sor him who wants to discover not to confine himself to
one chapter of science, but to keep in touch with
various others.

(Jacques Hadamard, 1945)

Quasiperiodic  structure analysis has become a
reasonably well established branch of crystallogra-
phy. Quasicrystallography has celebrated its 20th
anniversary (see Janssen, 1992). About 20 years ago,
during the 9th International Crystallography Confer-
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ence in Kyoto, Japan, two contributions of prime
importance were presented. In the first, de Wolff &
van Aalst (1972) described the incommensurate (IC)
phase of Na,CO, using a higher-dimensional space
group. In the same session, Janner (1972) presented
the symmetry analysis of a vibrating crystal, using
entirely the same formalism. This was the starting
point for this new and rapidly developing field.

The superspace-group theory, developed by de
Wolff, Janssen & Janner (1981) has been extended
and is now most frequently used in the analysis of all
types of quasiperiodic structures: modulated (both
incommensurate and commensurate) phases, compo-
site (or intergrowth) materials and quasicrystals. This
approach is well suited for diffraction-pattern analy-
sis and structure refinement and is almost exclusively
used in the corresponding computing procedures.

The first working example of IC-structure
refinement was reported by van Aalst, den
Hollander, Peterse & de Wolff (1976). The crucial
step in this direction was made earlier by de Wolff
(1974). He derived the structure-factor (SF) formula
for an IC structure with displacive and/or occupa-
tional modulation within the framework of
superspace-group theory. This formula, with minor
modifications, is the basis for the analysis of all other
IC structures.

At this time, it became clear that IC-structure
refinement was a computationally much more
demanding task compared with ordinary structure
refinement. The main reason was that, excluding
special cases, the SF could not be evaluated analyti-
cally but only by numerical integration. It appears
that this was common belief rather than a math-
ematical proof.

Nevertheless, many IC structures have been suc-
cessfully refined using algorithms based on de
Wolff’s formula. Numerical difficulties were, at least
partially, overcome and several program systems to
refine 1C structures are currently available. This field
has developed to such an extent that standardization
is inevitable.

In this paper, we once more reconsider de Wolff’s
formula and demonstrate that the crucial part of his
expression is related to some open problems in the
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theory of special functions. It is shown that, on the
basis of some recent advances in the generalization
of Bessel functions (BFs), the SF for a one-
dimensional IC structure can be evaluated analyti-
cally.

2. Generalized Bessel functions

As is well known, BFs are widely used in crystallo-
graphic computing. They represent an important
analytical tool in crystallographic statistics and
direct-methods theory (see e.g. Giacovazzo, 1980). In
IC-structure analysis, BFs are used to derive SF
formulas.

Here, a short overview of the so-called generalized
Bessel functions (GBFs) is given. We follow the
development of the theory formulated by Dattoli,
Giannessi, Mezi & Torre (1990), and further
developed by Dattoli, Torre, Lorenzutta, Maino
& Chiccoli (1991), Dattoli, Chiccoli er al. (1991),
Dattoli, Chiccoli er al. (1992) and Dattoli, Mari
et al. (1992). Up to now, more than ten articles and
preprints have been made available.

GBFs can be thought of as a rather large set of
functions sharing the same basic properties like
recurrences, addition and multiplication theorems,
expressions for derivatives efc. as ordinary BFs. One
of the first functions of this type was introduced by
Reiss (1980) to solve analytically some relativistic
scattering problems. He considered the following
function:

Jzy, )= 2 Sz i(z),

I= -

2.0

where J,(z) is the ordinary cylinder BF of the first
kind, and proposed that it be called a two-variable
GBF. Both variables z, and z, are, in general, com-
plex. Similar functions can be defined by replacing
one or both functions in the products by /(z), a
modified cylinder BF of the first kind.

Although the above function is defined as a sum of
products of ordinary BFs, it shares with them many
well known properties. For example, all the partial
derivatives are expressed by functions of the same
kind:

9J
32,\.
Also, the following recurrence relation holds:

=%('}n—k—']n+k)a k=19 2. (22)

200y = S Kzl g+ o). 2.3)
k=1

The well known sum rules can be generalized. For
example,

> J,= 3 Ji=1l. 2.4)
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Finally, the integral representation is cxpressed thus:
] T
J,,(:],:g) = 2_ f ng
T -

X expli(zysing + z.sin2¢ — np)]. (2.5)

Many more interesting properties of this function
and other GBFs have been derived so far. Only some
selected results are presented here.

To follow the convention used in the original
papers mentioned above, no new symbols are intro-
duced for the new functions. Instead of a definition,
variables and other relevant parameters will be
indicated. This is because of the number of new
GBFs, which is potentially unlimited.

To better understand why this function can be
called a GBF, it is instructive to compare it with the
Neumann addition theorem (see e.g. Watson, 1958)
for ordinary BFs:

J(z) +2y) = [ 2 Ja(2)(2). (2.6)
The new function can be considered as a first step
beyond this addition formula. This is because of the
charactistic ‘jump’ in the summation indices, which
in turn comes from the anharmonicity apparent in
the integral representation.

An important step towards a consistent theory of
GBFs (see Dattoli, Giannessi, Mezi & Torre, 1990)
was the introduction of the more general definition

£

>t a(z)(z)

/= ~

Jn(:laz.‘z; [) = (27)
This function, called a two-variable one-parameter
GBF, has properties similar to the previous one.
Both the variables z, and z, and the parameter ¢ are
again complex in general. Expressions can be derived
for all partial derivatives (including those with
respect to f) as

aJ

= (1/2)“/\~ IJN—/\' - [l —k‘lr1+k)-

Z
aJ,
at

and the following recurrence relation:

(2.8)

= (/D2 = Jprdl 1) (2.9)

2
2nd,= 3 kz (e TR0, (2.10)

k=1
The integral representation of this function is

LTT

Julz1,22,exp (i0)] = dg exp [i(z, sin ¢

27 =
+ z>8in (0 + 2¢) — ne)]. (2.11)

Here, the second harmonic is shifted with respect to
the first.

As before, this new function can be considered as
a step beyond the second addition theorem, i.e. the
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Graf formula:

oc

§'J(2) =, 2 M (2)i(z),

= — oo

(2.12)

where
z=[z1+ 23+ z)z( + 1)/1]V2,
s =[(z; + z220)/(z, + z,/D)]"2.

The new GBFs can be defined in many different
ways. For example, one can modify the indices, thus
adding much more flexibility. Some selected
examples of GBFs studied in detail so far are:

(X/q)'ln.m(zlsZZ) = , Z Jn—xl(zl)']m+ql(22)9 (2~l3)

o

(.‘I/q)‘ln‘m(zl’ZZ;l) = Z t/‘,n—.\'l(zl)Jm+ q/(ZZ)’ (2 14)

1= —

£

/ 2 (2 (2)).
Recently, Dattoli, Chiccoli et al. (1992) pointed
out yet another mathematical origin of GBFs. They
show that the well known Kelvin functions can be
interpreted as a precursors of GBFs.
Let us consider two relations:

0 (2y,223t) = (2.15)

ber2) = 3 (= 1)Uy, (D)),

/= — x<

(2.16)

bei,2)= X (=D""Upsai(Dlyei(2), (2.17)

= — x

where z=22"2 It is easy to see that both Kelvin
functions are special cases of GBFs defined above:

ber,(z) = (— 1)"~22J, (z.iz), (2.18)
bei,(2) = i(— 1" 22 | (ziz).  (2.19)

Furthermore, one can also define an important new
class of GBFs by replacing one ordinary BF by a
modified one:

©

(m)jn(zhzz;[) = X [IJn—ml(zl)Il(ZZ)s (2.20)
I=- o
and establish that
ber,(z) = (- 1)" R[~ "j,,(z,z;z)], 2.21)
bei,(z) = (= 1) I[ VJ(z,2;0)], (2.22)

where R and 3 mean the real and imaginary parts,
respectively.

We would like to mention here that the GBF
defined above appears also in the SF expression for
IC structures (Paciorek & Kucharczyk, 1985) if the
modulation-function amplitude and phase fluc-
tuations are explicitly taken into account, a step
beyond de Wolff’s original formula.

It is possible to construct GBFs with more vari-
ables and parameters. For example, one can define

the following three-variable two-parameter GBF
starting from the previously defined two-variable
one-parameter one:

S

Y duoaul(zi,20)i(25). (2.23)

1= — o

J(z1,22,2351 1) =

Further extensions are illustrated by the following
two examples:

LA = S S sl ), 229

J{Zmdtt-0= X [th-1Ji(za)
/= —
XSzt (- 2)], (2.25)
where the following short notation was introduced:
{Z}M = (Zl’ ey xM)s

{he=@y, ..., 1)

With similar definitions for modified GBFs, the
following generalized Jacobi-Anger expansions can
be derived:

oo

2. exp (in6)J,({z}r) = exp ( g iz, sin kﬂ),
k=1

(2.26)

S

> exp(in®)({z}r) = exp ( g Z, COS kO),
k=1

(2.27)

It is now clear that these new functions are perfec-
tly suited to deal with anharmonic IC structures,
replacing the ordinary BFs used so far. It is the main
purpose of this study to demonstrate this.

3. Generalized Jacobi—Anger expansion

The theory of GBFs has become a rapidly
developing new field of mathematical analysis. Not
only do they provide numerous new useful analytical
expressions but, which seems to be equally impor-
tant, this theory provides many new analytical tech-
niques to tackle various computing problems. The
development is strongly stimulated by physical appli-
cations. This means that some GBFs are studied in
detail, whereas others are only briefly mentioned.
For example, the function J,(z,,z,;/) is a solution of a
Schrodinger-type equation and was studied more
deeply than the others.

Within this theory, it is possible to construct a
suitable GBF for a particular application, following
a variety of examples published so far. Such an
approach is adopted here to construct a GBF suita-
ble to evaluate analytically the SF for an anharmonic
IC structure.
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Let us consider the following truncated trigonome-
tric series with complex coefficients:

3.1

Our first objective is to construct the following series
expansion:

exp (ixn) = i /u{Z.2}n) exp (ing), (3.2)

n= — o

N
xv= 2 (zisinkez, cos k).
k=1

where the following notation is introduced:

{Z.2lv= (21,21, ..., Zy,2p). (3.3)
Anticipating an application of the Graf theorem (see
Watson, 1958), let us define the following quantities:

(3.4)
(3.5)

@ = (Zi + )",
O = (Z, + iz)) @y,
where k=1,..., N.
The common approach is to use the following
infinite sum of products involving ordinary BFs:

exp (ixn) = kl;ll PU(Zz1), (3.6)

PlZpz)= 3 J(@)Oiexp(iknp). (3.7)
This approach to the analysis of anharmonic IC
structures has been developed by Petricek, Coppens
& Becker (1985). An elaborate algorithm to evaluate
this expression numerically was proposed by Petri-
¢ek, Maly & Cisafova (1991) and an extension to a
higher-dimensional IC structure was given by
Petricek & Coppens (1988).

In the harmonic case (N =1), the result is the
familiar Jacobi-Anger expansion with the coeffi-
cients

/"(Z],Z|) = Jn(wl)e'l' (38)

Because both even and odd terms are included in the
trigonometric series, this coefficient is not just the
BF, but the BF multiplied by a complex number to
the power equal to its order. This is quite frequent in
many other applications. Furthermore, in our case, it
is more convenient to consider ,, as a function of Z,
and z, rather than as a function of @, and O,.

Let us consider the case where N =2. Using the
GBF defined by (2.7) in the previous section, the
following expansion coefficients can be deduced:

V4 ,,({Z,Z}z) = J,,(mn,wz;ez/ 6%)97 (39)

The properties of this function have been studied in
detail owing to its many physical applications.

The crucial observation is that this extension is a
first step of the following recurrence relation:

23N = L@Zwis) rnelZn-1)])
) (3.10)

197

Thus, the suitable GBF can be constructed for an
arbitrary finite value of N.

The partial derivatives can be derived and are
expressed by the same type of functions as

O/ n _ _

azk—(l/2)(/,,_k 7 n+k)s (3.11)
0/n .

P W2/ nk= S naids (3.12)

where k=1, ...,N and the following recurrence rela-
tion holds:

N
s n= 2 KZE skt Zi s nan), (313)
k=1

Z;;: = Zk * izk.

(3.14)
For the derivation, the following identities were used:

o' = {Zk - "Zk}'/z LB g

Zk + iZk Wy

awk Zk 66/( . 6k
Ttk T gk, 3.16
6Zk Ty azk lew% ( )

9w, 2z, 00, _ 6,
D 2 iz, 2k 3.17
9z, W, 9z ! "ok G.17)

where k=1, ..., N.

For other applications, not excluding crystallo-
graphic ones, it may be more convenient to consider
~ » as a function of the wy, and 6, variables. In that
case, the partial derivatives are

9/,

= (02N / k= /i OD),  (3.18)
@
3/,
20, = (/2N 7wkt skl 6B, (3.19)
where k = 1, ..., N and the recurrence relation reads

N
20, ,= 3 kwdOi/ i+ /sl 6r).  (3.20)
k=1

Finally, the following integral representation can
be derived:

l L4
s MZ.23n) = 5= [ deexp (ixy — inp). (3.21)
27 2,

This type of integral appears in the general SF
formula for any one-dimensional IC structure. It can
thus be interpreted as an integral representation of a
new special function, which can be called an N-
variable N-parameter GBF.

In IC-structure refinement, this integral has to be
evaluated numerically for an anharmonic structure.
We are aware (Maino, 1993) that research is in
progress on algorithms to evaluate GBFs. Their
availability will eliminate the need for time-
consuming numerical integration. Existing algo-
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rithms can be improved by taking into account some
analytical properties of these functions, especially the
expressions for partial derivatives.

4. Modulation functions

The characteristic feature of any IC structure is the
presence of periodic distortions, called modulation
functions (MFs), which affect virtually every param-
eter used in the conventional structure description.
Let us consider a parameter p of the atom . In an
unmodulated structure, the value of this parameter is
p*. If this parameter is affected by a modulation, a
real-valued periodic function is added to it:

PH(Xa) =p* + p*(Xa), 4.1

where X, is the so-called internal coordinate. The
period of this function is unity:

prxs+ 1) = pr(x,) 4.2)

and, in most cases, following de Wolff's original
assumption, their average value over the whole
period vanishes:
1
J‘d}‘;ﬁ“(f“) = (ﬁ“> =0. (4.3)
0
A simplified notation for integration over the inter-
nal coordinate is also introduced.
MFs are represented by truncated Fourier or trig-
onometric series expansions. If the average param-

eter value is to be considered as a part of the MF,
the expression is

N
PrXa)= 2 pho’

4.4)
n=-N
where
p*=ps, pLa=on
* means the complex conjugate term und
w = exp (2miX,). 4.5)

Note that the zeroth-order term is equal to the
average value.

Sometimes, it is more convenient to separate the
average value and use a slightly modified expression
for the intrinsic part of the MF:

N
PRy = 2 (pra" + phi*a™). (4.6)
=1

”

The most convenient form is the following one:
N

PA(X) = 2 (phs, + piec,), (CN)
n=1
where
s, = sin 2Qmwn%,) = ¥(w"), 4.3)
¢, = cos (2mnX,) = R(w"). 4.9)

This was also de Wolff's preferred choice.

Another form is to introduce the amplitude and
phase of MF explicitly and use one of the following
expressions:

pH(Xa) = glpﬁ.‘ sin [2m(nX, + ¢,)],  (4.10)

N
PHxD = S pcos2m(nXe + @] (4.11)
1

n=
This form is suitable for analysis of the influence of
amplitude and phase fluctuations, leading to the new
form of thermal displacement parameters in IC
structures.

In the above expressions, all parameters labelled
by the atom index u and harmonic order n are
adjustable parameters. They have all been used so far
in practice.

In order to find the value of any parameter for an
atom located in any cell (n,, n,, ns) of the average
structure, the internal coordinate must satisfy the

relation
3

Xa=2m 2 q;(X¢ +ny).
=1

i=

4.12)

In all subsequent sections, this convention is
adopted, which also leads to the simplest form of SF
formula.

In some cases, it may be useful to adopt the
convention proposed by Petricek et al. (1985) to
handle rigid-molecule modulation. In these cases, the
SF has to be changed accordingly.

5. de Wolffs structure factor

In this section, we reconsider the SF expression for
an IC structure, restricting ourselves to one-
dimensional modulation and (3 + 1)-dimensional
superspace-group symmetry, as in de Wolff’s original
paper. However, we do not restrict ourselves to
harmonic modulation but consider the case when
atomic  positions, occupation and thermal-
displacement parameters are simultanously distorted
by possibly anharmonic MFs.

Details concerning the superspace-group symmetry
are not discussed here, only some notation is intro-
duced (see Jannsen, Janner, Looijenga-Vos & de
Wolff, 1992). An essential feature of this new kind of
symmetry is the nontrivial symmetry transformation
of a scalar MF (e.g. occupational and/or isotropic-
thermal-displacement-parameter modulation). In
ordinary structures, such a parameter is the same for
all symmetry-equivalent atoms.

Let us consider the structure with superspace-
group symmetry operations labelled g. Our objective
is to evaluate the SF for a given reflection with
indices A, i=1, ..., 4.

The most convenient way to deal with symmetry
is to apply the symmetry operations to reflection
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indices whenever possible. This is similar to ordinary
crystals (see Giacovazzo, 1992).

Let us introduce the following notation for the
transformed reflection indices:

4
h = Z R‘/L"ih/’ m(g) = s,
j=1
and the real indices in the three-dimensional physical
reciprocal space:

HE = I + hq,, 3,

where ¢; are the modulation vector components.

In some cases, an alternative notation is used for
the symmetry-transformed satellite reflection (fourth)
index, as introduced above.

The complex factor owing to a nonprimitive trans-
lation is denoted:

(5.1)

i=1,..

(5.2)

4
“=exp Qmi > h¥).
i=1
As a next step, all quantities related to the displa-
cive modulation are introduced. This kind of modu-
lation deserves special attention, owing to the special
role of atomic coordinates. In our approach, the
average parameters are separated from MFs,
Thus, the geometrical part of the SF is separated
into two factors. The first one is related to the
average atomic position:

(5.3)

3
exp (2mi Y héxt) = exp (ixy"*).
i=1
The second one is explicitly dependent on the inter-
nal coordinate:

5.4

3
exp (2mi X HEX!) = exp (ix**).
i=1
The important difference is the use of 4% in the
average coordinate expression, in contrast with H% in
the modulation part.

In a similar way, the modulation of anisotropic
thermal displacement parameters is introduced. The
first part is the ordinary anisotropic temperature
factor:

(5.5)

3
exp(— > H¥BLH?) = exp(—B**).

ij=1

(5.6)

The second one is the actual modulation:

3
exp(— 3 HfByHS) = exp(—p**).

ij=1
Note that H¢$ are now used in both expressions.
Using the notation introduced above, we can write
down the SF expression, consequently separating
parts depending explicitly on the internal coordi-
nate. We also separate the occupational modulation,
allowing the zeroth-order term to be part of the
MF for this parameter. In addition, the factor

(5.7)
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resulting from nonprimitive translations is used
separately.

The contribution from an atom u transformed by
symmetry operation g is proportional to the product
of two parts. The first one is

Pt = exp (ip=* — B, (5.8)

The second one results from modulations of coordi-
nates and thermal displacement parameters:

Frs = exp (ix** = B*), (5.9)

The modification for isotropic temperature factors is
straightforward and is not discussed here.

To include the occupational modulation, it is con-
venient to introduce the following quantity:

M
e = Ay Pff(ﬁ“ V.ewmlg) + n>.
n=-M

(5.10)

where M covers the range of occupational-modu-
lation harmonics.

This is the crucial part of the SF expression. With
the assumption that the occupational MF has the
form of the standard Fourier expansion (4.4) of a
real function, the SF is the following finite sum of
integrals over the internal coordinate.

Fhy= 3 M“f= QP Frepyex
F78°4
where the sum covers all symmetry-independent
atoms u and symmetry operations g, M* and f'* are
the multiplicity and the complex scattering factor of
atom u, respectively, and all quantities are evaluated
for the reflection with four indices 4, i =1, .., 4.
The following conclusions can be drawn from the
expression above. First, that the SF can be evaluated
analytically, if only an occupational modulation
described by the standard Fourier expansion is
present. Thus, all the difficulties come from the
remaining modulations. Furthermore, if an analyti-
cal solution exists for displacive and/or thermal dis-
placement modulation, it will also exist if an
occupational modulation is added.
We can also recognize that

(Ftw™) = [ A(F*5)],, (5.12)

where , means the Fourier transform. This relation
has been used to derive a new algorithm to evaluate
this expression. Instead of standard numerical inte-
gration procedures (e.g. Gaussian integration), other
very efficient and accurate algorithms for Fourier-
coefficient evaluation can be used (see Paciorek &
Chapuis, 1992). The goal here is to demonstrate the
existence of an analytical solution.

As a first step, let us formulate the general condi-
tion for which such a solution can be derived. One
observes that the periodicity of MFs leads also to the
periodicity of the subexpression above. This means

(5.11)



200
that

o
F# £ — Z P,

m= —

(5.13)

If such an expansion can be evaluated analytically,
then

(Fr*w™) = P%, (5.14)

In such a case, the SF can be also evaluated analyti-
cally and reads
M
Wes =5 PEFEE (5.15)
=-M
The existence of this solution depends only on the
properties of the MFs used to describe displacive
and/or thermal-displacement-parameter modulation.
Towards the end of this section, the notation is
simplified by dropping all irrelevant indices from the
SF subexpressions. We establish a relationship
between these two types of modulation.
Let us assume the existence of the following
expansion for displacive modulation:

exp (iy) = _Z_ G ()™, (5.16)

and of the similar one for the thermal displacement
modulation:

xp(=B)= S Tu(-Ba™

m= — o

(5.17)

Allowing the complex arguments in the expansion
coefficient functions, the common expansion of the
form

exp(ix —B)= 2 F.lx+iB)o™, (518)
will necessarily fulfil the following sum rule:

Fx +iB)= 3 GOTw-if). (519

Furthermore, if only one type of modulation is
present, the following relations should be satisfied:

G.(x) = F.(x), (5.20)
T,.(—B) = F,(iB). (5.21)

In the above equations, one can easily recognize the
familiar properties of BFs, e.g. addition theorems,
imaginary argument transformations, relating ordi-
nary and modified BFs and generating functions.
However, the previous sections have shown the exis-
tence of a much wider class of functions with the
same properties.

6. Analytical solution

To obtain an analytical solution, it is convenient to
consider the SF as an implicit function of the refined
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parameters and introduce some intermediate com-
plex quantities. In this section, only the contribution
of the atom generated by the symmetry operation g
from the independent atom u is considered.

Let us illustrate this approach on the part of the
SF depending only on the average structure param-
eters and define

YUK+ iBHE = ThR, 6.1)
It is easy to recognize that
3
R7#E =27 5 hSX, (6.2)
i=1
3 —_—
¥z#x= 3 HH[Bj. (6.3)

Q=1
For the subsequent calculations, the following partial
derivatives are required:

a—}t.g

a;u =27k, (6.4)
ozms

o5 (6.5)

One can easily see that this part of the SF is an
explicit function of the intermediate complex argu-
ment and has the simple form

P8 = exp (i74%), (6.6)
with trivial first derivative
oF*E
- =i ¥ 6.7)

This rather formal approach becomes crucial if
the modulation-dependent part of the SF is con-
sidered.

If the analytical form of both MFs is the same,
both types of modulation can be combined into one
MF expression with complex coefficients. The real
part will be related to the displacive modulation and
the imaginary part to the modulation of the thermal
displacement parameters.

Furthermore, even and odd terms can be com-
bined separately if (4.7) is the chosen form of both
MFs, as is assumed here:

N
pr= 2 (r'sa+ prica)s (6.8)

k=1
where N is the highest harmonic order and zero
padding is assumed if the range of harmonics in the
displacive modulation is different from the thermal-
displacement-parameter modulation.
Let us define the set of harmonic-order-dependent
complex quantities:

N
RS IR = T (2 e,
k=1

6.9)
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where (see § 5)
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3
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Fig. 1. Generalized Bessel functions J,(x.3). n =0, 1, 2 [(a), (b), (¢)] and J,(x.3). n =0, 1. 2 [(d), (e). (f)]. If y =0, both reduce to the
well known J,(x).
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3

Rzp# =27 Y HExH, (6.12)
i=1
.

Yz = 3 HSHSBYy (6.13)

ij=1

and the partial derivatives with respect to the MF
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parameters are
8ZL*  ozf*
axtyt  axtys

=27HE, 6.14)

IZps  azpe
aBLi  oBLX

UZ

=i H¥H¢. (6.15)

Note that the part of the SF depending on the
modulation of atomic coordinates and thermal dis-
placements is now

Fr8 = exp (ix** — B**) (6.16)

and has precisely the form of a generating function
for the GBF studied in detail in § 3. This function
can replace an ordinary BF used so far.
The main result of this study can thus be expressed
in the form
Fh)= 5 M~ F-e W2,

ng

6.17)

M
Wee= 5 Pis e -a{Z%%,2%)  (6.18)

n=-M

and all nontrivial partial derivatives are derived from

0/ m

azu,g=(l/2)(/m—k—/m+k) (6]9)
k

3/ )

Jzi8 =2 m-kt s (6.20)
k

where m= —m(g)—n,n=1, ..., M and k=1, ...,
N.

The above expressions constitute an analytical
solution for the SF and all its partial derivatives with
respect to both average structure and all MF param-
eters for all one-dimensional IC structures studied so
far. The only restriction is that the number of har-
monics in the MFs is finite.

The SF formula derived above has the same simple
form as for harmonic displacive modulation. If the
first harmonic is to be added to the thermal dis-
placement parameters, the only change is to use BFs
of complex rather than real argument. If higher
harmonics are to be added, the ordinary BFs are to
be replaced by (suitable) GBFs.

The evaluation of BFs is not particularly difficult
(see Press, Flannery, Teukolsky & Vetterling, 1992),
even in the case of complex variables. We expect
similar algorithms for GBFs in the near future,
especially for the first few harmonics.

To illustrate GBFs suitable for crystallographic
applications, two such functions (see §2) are pre-
sented in Fig. 1. The first one, J,(x,y) can be an aid
to study the influence of the second harmonic in
atomic displacements. The second one, J,(x,y), plays
a similar role in the study of the effect of the second
harmonic on the thermal displacement parameters.

GENERALIZED BESSEL FUNCTIONS

7. Concluding remarks

The application of the GBFs in IC-structure analysis
as proposed here can be potentially useful in several
areas of research. The obvious application is to
improve further the commonly used computing pro-
cedures, where an efficient evaluation of the SF is
important (e.g. structure refinement).

de Wolff’'s formula, recast in terms of GBFs,
retains its former simplicity but gains a novel mathe-
matical interpretation. Many new formulas and tech-
niques offered by the GBF theory can lead to better
understanding of IC structures, as described by the
superspace-group approach.

The possibility is not excluded that the availability
of an analytical formula can be useful in the solution
of other problems. We mention here the open ques-
tions in the formulation of direct-methods theory for
IC structures, where even the SF normalization is a
quite complicated problem. The very rich GBF
theory can probably be useful here.

Conversely, IC-structure analysis is another field
where GBFs can be very useful and even some new
suggestions for further studies within this theory can
be inferred. GBFs could perhaps be used in other
areas of computational crystallography. Work is in
progress on the applications of GBFs in crystallo-
graphic statistics.

We are greatly indebted to Drs A. Torre, G.
Maino and C. Dattoli for helpful comments, pre-
prints and kind interest in our study. Financial sup-
port from the Swiss National Science Foundation to
WAP is gratefully acknowledged.
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Abstract

Eliminating the N atomic position vectors r;, j=1,
2, ..., N, from the system of equations defining the
normalized structure factors Ey yields a system of
identities that the Ey’s must satisfy, provided that
the set of Ey’s is sufficiently large. Clearly, for fixed
N and specified space group, this system of identities
depends only on the set {H}, consisting of n
reciprocal-lattice vectors H, and is independent of
the crystal structure, which is assumed for simplicity
to consist of N identical atoms per unit cell. How-
ever, for a fixed crystal structure, the magnitudes
|Ey| are uniquely determined so that a system of
identities is obtained among the corresponding
phases ¢y alone, which depends on the presumed
known magnitudes |Ey| and which must of necessity
be satisfied. The known conditional probability dis-
tributions of triplets and quartets, given the values of
certain magnitudes |E|, lead to a function R(¢) of
phases, uniquely determined by magnitudes |E| and
having the property that Ry < 3 < Rg, where Ry is
the value of R(¢) when the phases are equal to their
true values, no matter what the choice of origin and
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enantiomorph, and Ry is the value of R(¢) when the
phases are chosen at random. The following conjec-
ture is therefore plausible: the global minimum of
R(¢), where the phases are constrained to satisfy all
identities among them that are known to exist, is
attained when the phases are equal to their true
values and is thus equal to Ry . This ‘minimal prin-
ciple’ replaces the problem of phase determination
by that of finding the global minimum of the func-
tion R(p) constrained by the identities that the
phases must satisfy and suggests strategies for
determining the values of the phases in terms of N
and the known magnitudes |E|. Equivalently, the
minimal principle leads to the solution of the (in
general redundant) system of equations satisfied by
the phases ¢y.

Introduction

The structure invariants, in this paper only triplets
and quartets, link the observed magnitudes |E] with
the desired phases ¢ of the normalized structure
factors E. The traditional techniques of direct
methods use the conditional probability distributions
of the structure invariants to obtain estimates of
their values and thus relationships among the indivi-
dual phases having probabilistic validity. These rela-
Acta Crystallographica Section A
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